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1. Introduction 
Light weight structures, also known as thin walled parts, are 
very commonly used in the aerospace sector. The machining 
times of these components are usually limited by chatter 
vibrations that occur due to low stiffness of the parts. Milling 
stability theory [1] can be used to eliminate chatter and increase 
productivity by optimizing machining parameters such as 
spindle speed and depth of cut. To further improve the 
productivity, dynamic response of the thin-wall structure needs 
to be improved.  
To improve the dynamic response of the workpiece, 
fixturing of the part has been investigated. Two kinds of support 
methods, fixed support [24] and mobile support [57], are 
proposed. Compared to fixed support, the advantage of mobile 
support is that the support on the part will be very close to the 
cutting zone throughout the process as the support is following 
the motion of the milling tool. Mtorres machine tool company 
designed a special surface milling machine [5]. This machine 
has special apparatus support the component on the opposite 
side of machining. Fei et al. [6] developed an mobile support 
attached to the spindle housing of a machine tool. It showed that 
mobile support increased the stability of the process. Ozturk et 
al. proposed robotic assisted milling [7], where a robot provides 
mobile support while a machine tool performs milling 
operation, provides an flexible and reconfigurable solution. 
The support force provided by mobile fixture will cause 
deflection of the part, which will influence the form error of the 
machined surface. To find proper magnitude of the support 
force, a form error model for machining process with mobile 
fixture need to be developed. For traditional machining process 
which do not have extra support force, the form error prediction 
model has been investigated in both time domain[8,9] and 
frequency domain[10]. However, a form error model has not 
been developed yet for a machining process with mobile 
fixture. 
In this paper, three different form error prediction models for 
robotic assisted machining are proposed and compared. In 
Section 2, these three models are introduced in detail. In Section 
3, machining tests results are compared with simulation results.  
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2. Form error modelling 
In this section, different models to predict form errors are 
introduced. It begins with the model using static stiffness. Then 
the model using dynamic response is discussed. Finally, model 
combining both static stiffness and dynamic stiffness is 
proposed. It should be noted here that these models are for thin-
wall parts and only the deflection of workpiece is considered. 
2.1. Static deflection model 
In this part, a form error model using static stiffness is 
presented. First, the cutting force calculation method is 
introduced. Then the equations to calculate the form error are 
presented.  
The cutting tool can be discretized into M number of small 
disks along tool axis within the axial depth of cut a. As shown 
in  Fig. 1, the form error in milling process is only influence by 
the cutting force in Y direction. The cutting force Fy,mሺ߶ሻ  for 
each disk in Y direction can be calculated by Equation (1), 
where ܭ௧௖  is tangential cutting force coefficient, ܭ௥௖  is radial 
cutting force coefficient, ܭ௧ୣ  is tangential edge force 
coefficient, ܭ௥ୣ  is radial edge force coefficient, ௧݂  is the 
feedrate, ݆ ൌ  ?ǡ ?ǡ ǥ ܰ  is the flute index and ߶  is the 
instantaneous angle of immersion.                     
 Fig. 1. Geometry of helical end mill. (a)߶ ൌ  ? ; (b) ߶ ൌ ߶௠. 
 
ܨ௬ǡ௠ሺ߶ሻ ൌ ܽܯ ෍൛ ௧݂ൣܭ௧௖ ݏ݅݊ ߶௝ െ ܭ௥௖ ܿ݋ݏ ߶௝൧ ݏ݅݊ ߶௝ே௝ୀଵ ൅ ൣܭ௧௘ ݏ݅݊ ߶௝ െ ܭ௥௘ ܿ݋ݏ ߶௝൧ൟ (1) 
 
The total instantaneous cutting force in Y direction that 
sums the contribution of each disc can be calculated by 
Equation (2). 
ܨ௬ሺ߶ሻ ൌ ෍ ܨ௬ǡ௠ሺ߶ሻெ௠ୀଵ  (2) 
As shown in  Fig. 1, the flute pass the surface of workpiece 
at different instantaneous angle of immersion ߶. ߶୫ for each 
disk can be calculated by Equation (3), in which ߚ is the helix 
angle, ܴ is the radius of cutter, ݖ௠ is the height of point ݌௠. ߶௠ ൌ ݖ௠ ݐܽ݊ ߚܴ  (3) 
 For each flute ݆ , the instantaneous angle Ԅ୫ǡ୨  can be 
calculated by Equation (4), in which Ԅ୮  is the cutter pitch 
angle. ߶௠ǡ௝ ൌ ߶௠ ൅ ሺ݆ െ  ?ሻ߶௣ (4) 
Then the instantaneous cutting force in Y direction at which 
the flute pass point ݌௠ can be calculated by Equation (2). 
As shown in  Fig. 2, in robotic assisted machining, the forces 
cause the deflection of the workpiece are composed of the 
cutting forces from the machining process and the support force 
from robot. Therefore,ߜ௠, the form error at point ݌௠, can be 
calculated by Equation (5). ܨ஼ is the cutting force on workpiece 
in surface normal direction, which is Y direction of cutting tool 
in Fig. 1. ܨௌ is the support force and ݇ is the static stiffness of 
workpiece. It should be noted that the positive result of  ߜ௠ 
means under cut, while the negative result of ߜ௠ means over 
cut.        
 Fig. 2. Setup of robotic assisted machining. 
ߜ௠ሺݐሻ ൌ ܨ஼ െ ܨௌ݇ ൌ ܨ௬ሾ߶ሺݐ௠ሻሿ െ ܨௌ݇  (5) 
2.2. Frequency domain model  
In this part, the frequency domain model is presented.  
The force applied on workpiece in Y direction can be 
expressed in Equation (6), in which  ܨ஼ is the cutting force and ܨௌ is the support force ( Fig. 2).  
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ܨ௪ሺ߶ሻ ൌ ܨ஼ െ ܨௌ ൌ െܨ௬ሺ߶ሻ െ ܨௌ (6) 
It can be expressed in frequency domain using a Fourier 
series as presented in Equation (7). ܨ௪ሺ߱ሻ ൌ ࣠ሾܨ௪ሺݐሻሿ ൌ ࣠ሼܨ௪ሾ߶ሺݐሻሿሽ (7) 
 Then the vibration of workpiece in frequency domain can be 
calculated using Equation (8), where Ȱሺɘሻ is the frequency 
response function of workpiece. ߜሺ߱ሻ ൌ ܨ௪ሺ߱ሻߔሺ߱ሻ (8) 
The vibration of workpiece in time domain ߜሺݐሻ  can be 
calculated through inverse Fourier transform of  Ɂሺɘሻ. 
Finally, the form error at point ݌௠  can be calculated by 
Equation (9), where ୫ is the time when the flute pass the point ݌௠ and ߱௡ is spindle speed in rad/s. ߜ௠ ൌ ߜሺݐ௠ሻ ൌ ߜሺ߶௠Ȁ߱௡ሻ (9) 
2.3. Hybrid model 
In this part, a method using both static stiffness and dynamic 
frequency response is presented. 
During robotic assisted machining process, the deflection is 
caused by both cutting forces and support force. The support 
force applies a static force, while the cutting forces apply 
dynamic forces. Therefore, the deflection from support force 
can be calculated using Equation (10).  ߜ௠ǡௌ ൌ ܨௌ݇ (10) 
The deflection caused by cutting force ߜ௠ǡ஼  can still be 
calculated using Equation (7)~(9) by substituting the total force 
on workpiece ܨ௪ሾ߶ሺݐሻሿ with the cutting forceܨ௬ሾ߶ሺݐሻሿ.  
The total form error can be calculated as follows: ߜ௠ ൌ ߜ௠ǡௌ ൅ ߜ௠ǡ஼ (11) 
The differences among three models are shown in  Fig. 3. In 
static model, the form error is calculated based on static 
stiffness. The influence of dynamic behavior of the workpiece 
is ignored. In frequency domain model, the force (	୵) applied 
on workpiece is firstly calculated by adding the support (	ୗ) to 
cutting forces (	େ). Then the form error is calculated with 	୵ 
and workpiece FRF from tap test. In hybrid model, the form 
errors caused by support force and cutting forces are calculated 
separately. Static stiffness from direct measurement, which is 
expected to be more accurate than static stiffness estimated 
from FRF from tap test, is utilized to calculate the form error 
from support force. The total form error is calculated from the 
sum of form errors from support force and cutting forces. It 
should be noted that FRF change due to material removal in 
cutting is not considered in this paper. 
 Fig. 3. Comparison of three models. 
3. Experiment and simulation result 
3.1. Test set-up 
In the test set-up, a Staubli TX90 robot was installed to 
provide support force for machining process on a Starrag 
STC1250 5-axis milling machine. A rubber roller was 
assembled on to the end effector of the robot. A Kistler 9317C 
load cell was positioned between the adapters to be able to 
measure the support force ܨௌ. The support force ܨௌ is sent back 
to robot to control the support force. The milling tool (Sandvik 
R216.32-20025-AP20A H10F) was a 20 mm diameter carbide 
end mill with 2 flutes. The workpieces were T-profiles from 
Aluminium 6082-T6, of which height, thickness and length 
were 101.6, 9.5mm and 250mm, respectively. The workpieces 
were clamped to the Kistler 9255C dynamometer to measure 
forces on the workpiece (Fig. 4). Workpiece frame (XW, YW, ZW) 
and process frame (X, Y, Z)  are shown in Fig. 4. 
Cutting tests were performed with different support forces 
to demonstrate its effect on form errors.  For each trial, a new 
T-profile workpiece was used. In these tests, down milling 
were used. Spindle speed and feed per tooth was 7000rpm and 
0.1mm/tooth, respectively.  2mm radial depth of cut and 10mm 
axial depths of cut were used.  
 
(a) (b) 
Fig. 4. (a) Experimental set-up (b) measurement points. 
3.2. FRF, stiffness and cutting force 
Direct transfer functions were measured in five different 
locations by tap test for no support, 120N support and 200N 
support. Fig. 5 shows the result of G11, G22 and G44 with 
120N support force. It shows that the transfer functions varies 
along the XW axis. The transfer functions at point 1 with no 
support, 120N support and 200N support are shown in Fig.  6. 
ሺ߶ሻܭ௧௖ ܭ௥௖ܭ௧ୣܭ௥ୣ ௧݂݆ ൌ  ?ǡ ?ǡ ǥ ܰ ߶
߶ ൌ  ? ߶ ൌ ߶௠
ܨ௬ǡ௠ሺ߶ሻ ൌ ܽܯ ෍൛ ௧݂ൣܭ௧௖ ݏ݅݊ ߶௝ െ ܭ௥௖ ܿ݋ݏ ߶௝൧ ݏ݅݊ ߶௝ே௝ୀଵ ൅ ൣܭ௧௘ ݏ݅݊ ߶௝ െ ܭ௥௘ ܿ݋ݏ ߶௝൧ൟ
ܨ௬ሺ߶ሻ ൌ ෍ ܨ௬ǡ௠ሺ߶ሻெ௠ୀଵ
߶ ߶୫ߚܴ ݖ௠ ݌௠߶௠ ൌ ݖ௠ ݐܽ݊ ߚܴ ݆ Ԅ୫ǡ୨Ԅ୮
߶௠ǡ௝ ൌ ߶௠ ൅ ሺ݆ െ  ?ሻ߶௣
݌௠
ߜ௠ ݌௠ܨ஼ܨௌ ݇ ߜ௠ߜ௠
ߜ௠ሺݐሻ ൌ ܨ஼ െ ܨௌ݇ ൌ ܨ௬ሾ߶ሺݐ௠ሻሿ െ ܨௌ݇
ܨ஼ܨௌ
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Higher dynamic stiffness was seen for cases with support. The 
change of support force doesnt show significant influence on 
FRF. Compared to the difference between the FRF result with 
support and that without support, the difference between the 
FRF results with 120N support and that with 200N support is 
relatively small.  
 
Fig. 5. Direct frequency response function G11, G22, G44 with 120N 
support force.  
 
 
Fig.  6. Direct frequency response function G11. 
 
The static stiffness of workpiece were measured using laser 
displacement sensor and load cell (Table 1). 
Table 1. Static stiffness results. 
No. Position in XW (mm) Stiffness (N/mm) 
P1 -10 2500 
P4 -67.5 3333 
P2 -125 5000 
P5 -182.5 3333 
P3 -240 2500 
 
The cutting force is first simulated for the simulation of form 
error. Acquired from cutting force coefficient test, the cutting 
force coefficient Ktc and Krc are 1168N/mm2 and 632N/mm2 
respectively. The edge force coefficient Kte and Kre are 
0.75N/mm and 0.27N/mm respectively. Fig. 7 shows the 
simulation and the measurement of cutting forces in Zw (Y 
direction of tool). The maximum cutting force from 
measurement is 467N and that from simulation is 430N. From 
the simulation, When the flute of the tool pass the points at 
YW=-6mm, the force in Zw (Y direction of tool) is 70N. 
Fig. 7. Cutting force result for test with no support. 
3.3. Form error 
The form errors were measured using an on machine probe 
with 20 mm increments along the length of the workpiece 
between -10mm and -230mm along the workpiece coordinate 
Xw (Fig. 4). The probing points were 6 mm below the top face 
of the workpiece (Yw=-6mm). As shown in Fig. 8, support 
forces showed large influences on the form errors. Although 
the same support force is applied, the form error varies among 
different points because the FRF varies along the workpiece 
(Fig. 5). 
In this case, the smallest form error is with 280N support. It 
should be noted that it is not necessarily that larger support 
force will lead to lower form error, as the form error with no 
support could be negative in some cases, for example, 
sometimes in up milling case. 
Fig. 8. Form errors results from measurement. 
Simulation results using static model for no support, 120N 
support and 280N support are shown in Fig. 9.  The results for 
no support test presented in Fig. 9 show that the static model 
underestimate the form error caused by cutting force. The 
maximum difference is 0.149mm. For 120N support and 280N, 
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the curve shape of the simulation results are different from the 
measurement results. 
Using the dynamic model, simulations are done from point 
1 to point 5. Simulation results using dynamic model for no 
support, 120N support and 280N support are shown in Fig. 10. 
Fig. 10 shows that the maximum error for no support test is 
0.038mm, which is a positive value. However, for 280N 
support force, the maximum error is -0.069mm. It can be seen 
that the errors of the simulation change from positive to 
negative with the increase of support force. The reason could 
be, in dynamic model, the static stiffness is estimated from FRF 
from tap test result, which may not be as accurate as direct 
measurement of static deflection. In contrast, static stiffness 
values listed in  Table 1 are used in hybrid model. 
 
Fig. 9. Simulation using static deflection model and measurement results. 
 
Fig. 10. Simulation using frequency domain model and measurement results. 
 
For no support simulation, hybrid model and frequency 
domain model is the same. The simulation results for 120N 
support and 280N support are shown in Fig. 11. The simulation 
results show relatively consistent positive errors.  
Table 2 compares the maximum error of each model. The 
static model shows the largest maximum error for all of the 
cases. The dynamic deflection model shows smallest maximum 
error for 120N case. However, the sign of the error changes 
when the support force increases in dynamics model.   
 
Fig. 11. Simulation using hybrid model and measurement results. 
 
Table 2. Maximum simulation errors of each model. 
 
No 
support 
120N 
support 
280N 
support 
Static deflection  
model -0.149mm -0.103mm -0.137mm 
Dynamic deflection 
model 0.038mm 0.015mm -0.069mm 
Hybrid model  0.038mm 0.049mm 0.06mm 
 
The maximum error from hybrid model keeps positive, 
which is more reasonable. These consistent positive errors 
could come from cutter radius error, machine tool positioning 
error and measurement errors. In this test, the machine tool 
positioning accuracy is 0.005mm. The maximum radius error 
of the tool, including the runout, is 0.014mm. These two may 
introduce form errors. The probing tool itself has a high 
accuracy, which is around 0.001mm. However, as the probing 
is done on machine tool, the machine tool positioning accuracy 
will also bring in the measurement errors. 
4. Conclusion 
Three methods for calculating form errors for robotic 
assisted milling are developed in the paper.  A few conclusions 
can be acquired from the results in this paper. Firstly, the 
support force in robotic assisted machining can change the 
form error. Therefore, form error should be simulated and 
support force should be carefully selected. Second, among all 
three methods, hybrid model shows more reasonable results. 
Compared to static model and frequency domain model, hybrid 
model gives relatively consistent differences with the 
measurement. Finally, measurement results show that the form 
errors are different at different points with constant support 
force on the workpiece. For example, the form errors on point 
1 and point 2 show different values. This is because the 
dynamic and static stiffness are different at each point. 
Therefore, to achieve a constant form error on a workpiece, a 
profile of support forces should be calculated and applied at 
different positions on workpiece. 
o. ) ) 
P2 
P3 
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